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Abstract 

Given a closed 3-manifold Y, we show that the Heegaard Floer homol- 
ogy determines whether Y fibres over the circle with a fibre of negative 
Euler characteristic. This is an analogue of an earlier result about knots 
proved by Ghiggini and the author. 

Dedicated to the memory of Xiao-Song Lin 

1 Introduction 

Heegaard Floer homology was introduced by Ozsvath and Szabo in [TT] . This 
theory contains a package of invariants for closed 3-manifolds. A filtered version 
of these invariants, called knot Floer homology, was defined by Ozsvath-Szabo 
[T3] and Rasmussen [TfT for null-homologous knots. This theory turns out to 
be very powerful. For example, it detects the Thurston norm |15j . and a result 
due to Ghiggini [3] and the author [5] states that knot Floer homology detects 
fibred knots. 

In fact, given a compact manifold with boundary, the information from knot 
Floer homology tells you whether this manifold is fibred. (See the proof of 
[HI Corollary 1.2].) Now it is natural to ask whether a similar result can be 
proved for closed manifolds. In the current paper, we will answer this question 
affirmatively. Our main theorem is: 

Theorem 1.1. Suppose Y is a closed irreducible S-manifold, F <zY is a closed 
connected surface of genus g >2. Let HF^iY, [F],g — 1) denote the group 

i/F+(y,s). 

56Spin<=(F), (ci(5),[F])=2g-2 

// HF^{Y^ [F]^ (7 — 1) = Z, then Y fibres over the circle with F as a fibre. 

The converse of this theorem is already known, see [HI Theorem 5.2]. 

Remark 1.2. When g = 1, there is no chance for HF^{Y,[F],0) to be Z; 
some arguments in this paper also break down. Nevertheless, it is reasonable 



to expect that Heegaard Floer homology still detects fibrations in the case of 
g = 1. As suggested by Ozsvath and Szabo, in this case one may use some 
variants of Heegaard Floer homology, for instance, Heegaard Floer homology 
with twisted coefficients [HI Section 8] or with coefficients in the Novikov ring 

m 11-0.1], 0. 

This paper is closely related to the previous works of Ghiggini [5 and of the 
author [S]. We briefly recall the main ingredients in the proof of the case of 
knots from those two papers. There are three main ingredients: 
(I) The construction of two different taut foliations under certain conditions. 
This part is contained in [SI Section 6] and the proof uses an argument due to 
Gabai [3]. This part was also obtained by fan Agol by a different method, and 
the genus 1 case was proved in 4J. 

(H) The existence of a taut foliation implies the nontriviality of the correspond- 
ing Ozsvath-Szabo contact invariant. This part was almost proved by Ozsvath 
and Szabo [TF . But there are some technical restrictions in the cases established 
by Ozsvath and Szabo. For example, one needs the condition bi{Y) = f or the 
use of twisted coefficients. The case that is used in [HIS] was proved by Ghiggini 
in [1]. Basically, he proved a result in contact topology, which, combined with 
some results of Ozsvath and Szabo, implies the desired nontriviality theorem. 
(HI) Two decomposition formulas for knot Floer homology, one in the case of 
horizontal decomposition Theorem 4.1], the other in the case of decomposi- 
tion along a separating product annulus 9, Theorem 5.1]. The second formula 
is essential and more technical. The proof of this part uses the techniques in- 
troduced in [8]. 

Now if (I) can be done, then (II) implies that the two distinct taut foliations 
give rise to two linearly independent contact invariants in the topmost term of 
the Heegaard Floer homology, so the Floer homology is not monic. If (I) cannot 
be done, then the topology of the knot complement is very restricted. One can 
then use (HI) to reduce the general case to the known case. 

As we will find in this paper, the above ingredients (I) and (II) can be 
applied to the case of closed manifolds without essential changes. However, 
we are not able to prove an analogue of [51 Theorem 5.1] for closed manifolds. 
Instead, we will construct a knot if in a new manifold Z , and show that the 
pair {Z, K) has monic knot Floer homology by using twisted coefficients and a 
simple argument in honiological algebra. Then we can apply [9l Theorem 1.1] 
to get our conclusion. 

Remark 1.3. Juhasz [S] proved a very general decomposition formula for the 
Floer homology of balanced sutured manifolds, based on the techniques intro- 
duced by Sarkar and Wang [T7|. In the case of knots, the above ingredients (II) 
and (III) can be deduced from this formula. This approach avoids the use of 
contact and symplectic topology, but it is not clear to the author how to use it 
to study closed manifolds. 

Acknowledgements. The author wishes to thank Paolo Ghiggini, whose work 
[5 has a great influence on this one. He also wishes to thank David Gabai, Feng 
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2 Twisted Heegaard Floer homology 

For technical reason, at some point of the proof of our main theorem we will 
use twisted Heegaard Floer homology with coefficients in a Novikov ring. In this 
section, we will collect some basic materials on this version of twisted Heegaard 
Floer homology. More details about twisted Heegaard Floer homology can be 
found in [HEIIT]. 

2.1 Twisted chain complexes 

Let F be a closed, oriented 3~manifold. (I],a,/3, z) is a Heegaard diagram 
for Y . We always assume the diagram satisfies a certain admissibility condition 
so that the Heegaard Floer invariants we are considering are well-defined (see 
pT] for more details). 



be a Novikov ring, which is actually a field. 

Let w C y be an immersed, possibly disconnected, closed, oriented curve. 
One can homotope to be a curve oj' C S, such that cu' is in general position 
with the a- and /3-curves, namely, w' is transverse to these curves, and uj' does 
not contain any intersection point of a- and /3-curves. 

Let CF °°(Y.uj:0 be the £-module freely generated by [x, i], where x g 
Tq n T^, i G Z. If is a topological Whitney disk connecting x to y, let 
da4' = {94>) n Tq. We can also regard da4> as a multi-arc that lies on S and 
connects x to y. We define 



Geometrically, if two Whitney disks 01, (/)2 differ by a periodic domain V, then 



Let 




A{ct)i)-A{(^2)^H{V)-u, 



where H(V) € H2(Y) is the homology class represented by V. 
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Let 

d : CF°°(Y.Lu:C) C F°° (Y, C) 
be the boundary map defined by 

y </>G7r2(x,y) 
m(0) = 1 

The chain homotopy type of the chain complex 

only depends on the homology class [uj] € Hi{Y). When u! is null- homologous 
in Y, the coefficients are not "twisted" at all, namely, 

CFr{Y,Lo;C)^CF°-{Y;Q) ®q £. 

The standard construction in Heegaard Floer homology |Tl] allows us to 
define the chain complexes CF (Y, uj; C) and CF ^jY, lo] C). When X is a null- 
homologous knot in Y and w C F — -fC, we can define the twisted knot Floer 
complex CFK_{Y, K,uj; C). The homologies of the chain complexes are called 
twisted Heegaard Floer homologies. 

2.2 Twisted chain maps 

Let (S, a, /3, 7, z) be a Heegaard triple-diagram. Let w' C S be a closed 
immersed curve which is in general position with the a-, (3- and 7~curves. 
The pants construction in JAj Subsection 8.1] gives rise to a four-manifold 

Xa,(}.-y with 

By this construction Xa^p^^ contains a region S x A, where A is a two-simplex 
with edges 60,6/3,67. Let uj' x [0, 1] = w' x 6a C Xa^p.f be the natural properly 
immersed annulus such that 

Lo' X {0} C Y^j, , Lo' X {1} C ra,7 . 

Suppose X e Tc n T/3, y G T/3 n T^, w e T„ n T-y, ^ is a topological Whitney 
triangle connecting them. Let datp — dtp f) Tq, be the arc connecting x to w. 
We can regard daip as a multi-arc on E. Define 

Let the chain map 
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Figure 1: A Heegaard diagram for S"^ x . The Heegaard surface is the torus 
obtained by gluing the opposite sides of the rectangle. 

be defined by the formula: 

m(>/')=o 

The standard constructions [lllll2j allow us to define chain maps introduced 
by cobordisms. We also have the surgery exact triangles. For example, suppose 
if C y is a knot with frame A, w C F — if is a closed curve, then w also lies 
in the manifolds Fa and Y\+^ obtained by surgeries. The 2-handle addition 
cobordism W from Y to Yx naturally contains a properly immersed annulus 
Lo X I. We can define a chain map induced by W: 

fw,..i - CFr{Y,u-C)~^CFr(Yx,uj-C). 

Similarly, there are two other chain maps induced by the cobordisms Y\ —>■ Yx+^ 
and Y\+/i ^ Y. We then have the long exact sequence [I]: 

>HF+{Y,u;;C)^HF+iYx,iu;C)^HF+(Yx+^,u;;C) ^ ••• . (1) 

2.3 Some properties of twisted Heegaard Floer homology 

Many properties of the untwisted Heegaard Floer homology have analogues 
in the twisted case. For example, the connected sum formula for HF is the 
following: 

HFiYi,ui;C)®M.(Y2,u;2;C)^HF(Yi#Y2,u;iUiU2;C). 

Lemma 2.1. Suppose Y contains a non-separating two-sphere S , lo G Y is a 
closed curve such that uj ■ S ^ Q. We then have 

HF(Y,Lu:C) = 0. HF+(Y,uj:C) = 0. 
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Proof. As in Figure [TJ CF jS'^ x S^,uj]C) has two generators x,y. There are 
two bigons Di,D2 connecting x to y. If w • (S*^ x point) = d 7^ 0, we can 
assume A{Di) = d,A{D2) = 0, then dx = ±{T'^ - l)y. This implies that 
IIFiS^ X tj; £) = since T'' - 1 is invertible in C. 

If Y contains a non-separating two-sphere S and uj ■ S ^ then y has a 
summand S"^ x 5^ such that uj ■ {S'^ x point) 7^ 0. The connected sum formula 
then shows that HF{Y, C.) = 0. 

For HF ^ , it follows from the long exact sequence 

• • • > H£+ — ^ H£+ > HF > • • • 

that U is an isomorphism. For any element x S HF ^ {Y.uj; C), C/"x — when 
n is sufficiently large, so HF^iY, uj; C) = 0. □ 

The following theorem is a twisted version of [9l Theorem 1.1]. 

Theorem 2.2. Suppose K is a null-homologous knot in a closed, oriented, 
connected 3-manifold Y , Y is irreducible, and F is a genus g Seifert surface 
of K. Letio CY -K he a closed curve. If HFK (Y. K, to, [F],g] C) = C, then 
K is fibred, and F is a fibre of the fibration. 

Proof. We could prove this theorem by repeating the whole proof in 9 , but we 
would rather choose to apply Theorem 1.1] directly. 

Let (M, 7) be the sutured manifold (see [9l Definition 2.1]) obtained by 
cutting Y — K open along F. The proof of [9l Proposition 3.1] shows that 
M is a homology product. Hence we can glue i?+(7) to -^-(7) by a suitable 
homcomorphism to get a manifold with torus boundary, which is the exterior 
of a knot K' in a manifold Y' with bi{Y') = 0. This cut-and-reglue process 
can be realized by Dehn surgeries on knots in F, so uj can be regarded as a 
curve in Y' — K' . As in [8l Proposition 3.5, the second proof], using a filtered 
version of the exact sequence ((1} and the adjunction inequality, we can show 
that HFK (Y'.K'.uj. [F],g;C) ^ jC. 

Since bi{Y') ~ 0, there is no real "twisting" at all, namely, 

CFK (Y'. K', oj; C) ^ CFK{Y', K'; Q) ®q C. 

So we get HFK{Y',K', [F],g:Q) = Q. Now ^ Theorem 1.1] implies that K' 
is fibred with fibre F, hence so is K. □ 

3 A homological version of the main theorem 

The goal of this section is to prove the following homological version of the 
main theorem. 

Proposition 3.1. Suppose Y is a closed S-manifold, F C Y is a closed non- 
separating connected surface of genus g > 2. Let M be the 3-manifold obtained 
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by cutting Y open along F. The two boundary components of DM are denoted 
by F-,F^. If HF~^{Y, [F],g — 1) = Z, then M is a homology product, namely, 
the two maps 

i±,: iJ,(F±) ^ H^{M) 

are isomorphisms. 

We will make use of the fact that the Euler characteristic of HF'^ is Turaev's 
torsion function. A Heegaard diagram for Y will be constructed, and will be 
used to study the torsion function of Y. Then Proposition 13.11 can be proved 
using the same argument as [9j Proposition 3.1]. 

3.1 A Heegaard diagram for Y 

Construction 3.2. We will construct a Heegaard diagram for F in a similar 
manner as in ^ Construction 2.10]. 
Step 0. A relative Morse function 

Let M be the compact manifold obtained by cutting open Y along F; the two 
components of M are denoted by F-, F+. Let F+ F_ be the gluing map. 
Consider a self-indexed relative Morse function u on M. Namely, u satisfies: 

(1) u{M) = [0,3], M-i(O) =F_, u-\3) =J+. 

(2) u has no degenerate critical points, w^^jcritical points of index i} — i. 

(3) u has no critical points on F±. 
Let F# = 

Suppose u has r index 1 critical points. Then the genus of is g + r. The 
gradient — Vm generates a flow (fit on M. There are 2r points on F+, which are 
connected to index 2 critical points by flowlines. We call these points "bad" 
points. Similarly, there are 2r bad points on F_, which are connected to index 
1 critical points by flowlines. 
Step 1. Construct some curves 

Choose two disjoint disks D'^,D\_ C F+. Flow the two disks by 0t, their 
images on F^ and F- are D'^ , Dt , , . (We choose the disks generically, so 
that the flowlines starting from them do not terminate at critical points.) We can 
suppose the gluing map ip is equal to the intersection of the flow (j)t with F_ when 
restricted to D^UD^.. Let A± = F±-iiit{DlUD''^), A# = -int(D^UD^). 

On F^, there are r simple closed curves a2g+i, ■ ■ ■ ,a2g+r, which are con- 
nected to index 1 critical points by flowlines. And there are r simple closed 
curves /32g+i, • . . , (32g+n which are connected to index 2 critical points by flow- 
lines. 

Choose 2g disjoint arcs £,i , ■ ■ ■ ,£,2g C such that their endpoints lie on 
dD^, and they are linearly independent in Hi{A^,dA ). We also suppose 
they are disjoint from the bad points. Let = ^^^(C^)- We also flow back 
■ • • : by (f)-t to the images are denoted by , . . . , 
Choose 2g disjoint arcs r]^ , . . . , rj^g C such that their endpoints lie on 
dD'^, and they are linearly independent in 9^+). We also suppose they 
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are disjoint from the bad points. Flow them by (pt to F^, the images are denoted 

by Vl, ■ ■ ■,V2g- 

Step 2. Construct a diagram 

Suppose [ci,C2] is a subinterval of [0,3], let x [ci,C2] be the annulus 

which is the image of inside u~^{[ci,C2]) under the flow (pt- Similarly, 

define {dD'^) x [ci,C2]. Let 

E = A+ U A# U {{dDD X [| 3]) U {{dDX) x [0, ^]) . 

Let 

a, =C.+ uef U{2arcs}, 

where the 2 arcs are vertical arcs connecting to on a corresponding 
annulus, z = 1, . . . , 2(7. Similarly, let 

f3, = vt^vf U {2 arcs}. 

Let ao = az?!, /3o = dD''^. 
Let 

a = {ai, . . . ,a2g} U {Q;2g+i, . . . ,a2g+r} U {ao}, 

/3 = {/?!,..., /?2g}U{/?2g+l,...,/32g+r}U{/?o}. 

Step 3. Check that (E, a, (3) is a Heegaard diagram for Y 

This step is quite routine, we leave the reader to check the following 

(A) S separates Y into two genus {2g + l + r) handlebodies Ui,U2- Every curve 
in a bounds a disk in Ui, every curve in (3 bounds a disk in C/2- 

(B) E — a is connected, E — /3 is connected. 
Then 

(E,a,/3) 

is a Heegaard diagram for y. □ 

3.2 Preliminaries on Turaev's torsion function 

The Euler characteristic of HF'^ is equal to Turaev's torsion function T. 
In this subsection we will briefly review the definition of T. The readers are 
referred to [19] if more details are desired. 

Suppose y is a closed oriented 3-manifold. The group H = Hi{Y;'Z) acts 
on Spin'^(y). As in [11], we denote this action by addition. Fix a finite CW 
decomposition of Y, Y is the maximal abelian cove£ of Y with its induced CW 
structure. A family of cells (of all dimensions) in Y is said to be fundamental 
if over each cell of Y lies exactly one cell of this family. Choose a fundamental 
family of cells e in Y, we get a basis for the cellular chain complex C^,{Y) over 
the group ring Z[_ff]. As shown in |19| . e also gives rise to a Spin'' structure 
s G Spin"(y). 
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Let F be a field and H be a group homomorphism, s G Spin'^(F), 

and e be a fundamental family of cells which gives rise to s. Then one can define 
t'^{Y,s) G F to be the Reidemeister-Franz torsion of C*(y) as in [121 Section 
2.3]. 

Let Q{H) be the classical ring of quotients of the group ring (Q[iJ]. Q{H) 
splits as a finite direct sum of fields: 

Q{H) = ©r=iiF.- 

Vi is in the form Ki(ii, ^2, • ■ • , tb), where is a cyclotomic field and h = bi{Y). 
Since H C Q[H] C Q{H), there are natural projections ipi: H ^ F^. Turaev 
defined 

n 

1=1 

and showed that t{Y,5) G Z[H] when bi{Y) > 2. The coefficients of t{Y,5) 
gives the torsion function T. More precisely, when bi{Y) > 2, T is defined by 
the following formula: 

T{Y,s) = Y,T{Y,s~h)h- (2) 

heH 

and when bi{Y) — 1, one can define Tt : Spin'^(y) — > Z in a similar way, once a 
chamber t of Hi{Y;M.) is chosen. 

Suppose the CW decomposition of y has one 0-cell, m 1-cells, m 2-cells 
and one 3-cell. The chain complex C*(y) — (C3 ^ C2 ^ Ci — > Co), where 
Co,Ci,C2,C3 are free Z[_ff]-modules with ranks l,m,m, 1, respectively. Let 
hi, ... , hrn be the generators of H represented by the 1-cells, and 51, . . . , G i? 
be the elements which are dual to the 2-cells. 

Denote by Aj.,s the determinant of the matrix obtained from the m x m- 
matrix (over 1\H]) of the boundary homomorphism C2 Ci by deleting the 
rth row and sth column. Turaev proved the following equation (see (4.1. a) in 

my- 

T{Y,s)igr - l){hs - 1) = ±A,,, G Z[H]. (3) 

When s is a nontorsion Spin"^ structure, Ozsvath and Szabo showed in [12] 
that 

x(i/F+(r,s)) = ±T(r,s). (4) 

3.3 Proof of the homological version 

Wc deal with the case of bi(Y) > 2 first. We will use the Heegaard splitting 
in Construction 13 . 2| as the fixed CW decomposition of Y. Each corresponds 
to a 1-handle in Y, let be the 1-cell which is the core of the 1-handle; each 
(3i corresponds to a 2-handlc in Y, let bi be the 2-cell which is the core of the 
2-handle. 

Let a: iJ — > Z be the group homomorphism given by countings the intersec- 
tion number with [F] . We construct the universal abelian cover y of 1" in two 
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steps. First we take the infinite cyclic cover of Y dual to cr, denoted by y^, 
which is the union of infinitely many copies of M: 

Y" Uf_, M-1 Ufo Mo ^f^ Mi Uf^ M2 UF3 • • • , 

where Fg, Fi are identified with F+, respectively, if Mq is identified with M . 
Then we take the cover tt : F — > F"' . ^ 

We choose a lift of the 0-cell, a lift of the 3-cell, and 0^,6^ which are lifts 
of the 1-cells and 2-cells. All lifts are chosen in 7r~^(Mo). This fundamental 
family of cells gives rise to a Spin'^ structure s £ Spin'^(y). 

We extend the group homomorphism cr to a map of the group rings 

0-: Z[iJ] ^ Z[Z] = Z[g,q"^]. 

By Equation ([2), Equation ^ and the assumption that 

HF+{Y, - 1) = HF+{Y, [F],l - g) = Z, 

we conclude that a{T{Y,a)) is a Laurent polynomial of q with degree 2g — 2, 
and the coefficients of the highest term and the lowest term are ±1. Here the 
degree of a Laurent polynomial is defined to be the difference of the degree of 
the highest term and the degree of the lowest term. 

In Equation we choose gr ^ H to be the element dual to the 2-cell 
corresponding to /3o, and hs to be the element represented by the 1-cell corre- 
sponding to ttQ. Note that if we cap off dA+ = ao U /3o, we get the surface F 
from A+. We thus have CT{gr) = q'^^,a{hs) = q^^ ■ So (t(LHS of ^) is a degree 
2g Laurent polynomial with leading coefficient ±1. Here the leading coefficient 
of a Laurent polynomial is defined to be the coefficient of its lowest term. 

Now we analyze the boundary map d: C'2 ^ Ci. Suppose 1 < i, j < 2g + r, 
and the coefficient of in dbj is c.y G Z[H]. If a; G aiH/Sj lies in C F^, then 
X contributes a lift of a.i in 7r^^(Afo) to dbj since bj C 7t~^{Mo); ii x € ai D /3j 
lies in A^ C F+, then x contributes a lift of in 7r^^(Mi) to dbj. Let cfj (or 
cfj) be the intersection number of ai and (3j inside the domain A^ (or A+), 
then we conclude that 

If i or j is bigger than 2g, then = 0. 

Consider the matrix C = (cy )i<ij<2g+r - The result in the last paragraph 
implies that CT(det(C)) is a polynomial of degree at most 2g, and its constant 
term is det(c^)i<i,j<2g+r. By a{det{C)) is a degree 2g Laurent polynomial 
with leading coefficient ±1. Hence 

det(c,^)i<ij<2g+r = ±1- (5) 

In Construction 13 . 2| , let 

N = M- {mt{D+) X [0, 3]), 7 = {dD+) x [0, 3]. 
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(A^, 7) is a sutured manifold. We claim that (iV, 7) is a homology product, 
namely, 

H,{N,R^ij)) ^ H^iN, R+{j)) ^ 0. 

The proof is the same as [SI Proposition 3.1]. In fact, as in fO, Lemmas 3.2 and 
3.3], using ([5]), one can show that H2{N;¥) = and the map 

i,: Hi(i?_(7),ai?_(7);F) ^i/i(7V,7;F) 

is injective for any field F. Then the homological argument as in [5", Proposition 
3.1] shows that (A^, 7) is a homology product. Since M is obtained by capping 
off 7 by X /, M is also a homology product. 

For the case of bi{Y) — 1, the proof is essentially the same. 

4 Characteristic product pairs 

Using the surgery exact sequence and the adjunction inequality, one can 
prove the following result. Details of the proof can be found in [14, Lemma 5.4] 
and [51 Proposition 3.5, the second proof]. 

Lemma 4.1 (Ozsvath-Szabo). Suppose F is a closed connected surface in a 
closed manifold Y , and the genus of F is g > 2. Let Y' he the manifold obtained 
by cutting open Y along F and regluing by a self-homeomorphism of F . Let 
HF° denote one of HF and HF^ . Then we have 

HF°{Y, [F],g~l)^ HF°{Y\ [i^],.g - 1). 

□ 

We also need the following two simple lemmas. 

Lemma 4.2. Suppose M is a compact 3-manifold with two boundary compo- 
nents _F'_,i^_|_, and M is a homology product, namely, 

H,{M, F_) ^ H,{M, F+) = 0. 

Suppose Fq C M is a closed surface that is homeomorphic to _F_ , and Fq splits 
M into two parts M^,M+, dM± = Fq U F±. Then both A'f_ and M+ are 
homology products. 

Proof. From the exact sequence 

> Hi{M, F_) ^ ffi(M, Af_) ^ Ho{M^,F^) ^ • • • 

we conclude that Hi{M,M ) = 0, thus the inclusion map Hi{M^) Hi{M) 
is surjective. Similarly, i?i(Af_|_) Hi{M) is surjective. 

Let g be the genus of F^. Since M is a homology product, H2{M) = Z is 
generated by [F^] — [F+]. So the maps H2{M±) H2{M) are surjective. We 
then have the short exact sequence 

^ Hi{Fa) i?i(M_) ©i?i(M+) i?i(M) ^ 0. 
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Both Hi{M_) and iIi(M+) surject onto Fi(M) ^ Hi{F^) = Z^s ^ Hi{Fo), 
so i?i(M_) ^ Hi[M+) ^ Z^f. It follows that the surjective maps i?i(M±) ^ 
Hi{M) are actually isomorphisms. So we have the exact sequences 

H2{M±) H2{M) H2{M, M±) ^ 0. 

We already know that the maps H2{M±) H2{M) are surjective, hence 
fl"2(M,M±) ^0. 

Now we have (M_ , Fq) ^ H^{M, M+) ^ 0. The equality (Af_ , F_ ) = 
then follows from Poincare duality and the Universal Coefhcients Theorem. 
Hence M_ is a homology product, and so is by the same argument. □ 

The next lemma is well-known, proofs of it can be found in [71 [T5] . 

Lemma 4.3. A homology class on a closed, orientable surface is represented by 
a simple closed curve if and only if it is primitive. □ 

Definition 4.4. Suppose 5 is a compact surface. The norm of S is defined by 
the formula: 

= ^ max{0, ~x{Si)}, 

s, 

where Si runs over all the components of S. 

The next theorem is an analogue of [TOl Theorem 6.2']. Here we just sketch 
the proof, and refer the readers to [21 Section 6] and lOj for more details. 

Theorem 4.5. Suppose Y is a closed irreducible S-manifold, F <zY is a closed 
connected surface of genus g > 2. Suppose {Fi = F, F2, . . . , Fn} is a max- 
imal collection of mutually disjoint, nonparallel, genus g surfaces in the ho- 
mology class of [F]. Cut open Y along Fi, . . . , Fn, we get n compact manifolds 
Ml, . . . , Mn, dMk = Fk U Fk+i, where Fn+i = Fi. Let £k be the subgroup of 
Hi{M^.) spanned by the first homologies of the product annuli in M}.. 
If HF+(Y, [F],g~ 1) ^ Z, then for each k, £k = Hi{Mk). 

Sketch of proof . By Proposition 13. II M is a homology product. Lemma [4.21 im- 
plies that each Mk is also a homology product. 

Assume that £k Hi{Mk)- By Lemma l4?3l we can find a simple closed curve 
uj <Z Fk, such that [u] ^ £k- Let — uj d Fk- Since Mk is a homology product, 
by Lemma 14.31 there is a simple closed curve ujj^ C Fk+i which is homologous 
to u in Mk- We fix an arc a C Mk connecting Fk to Fk+i- Let Sm{+^) be 
the set of properly embedded surfaces S C Mk, such that dS — lo^ U (— 
and the algebraic intersection number of S with a is m. Here — w+ denotes 
the curve aj_|_, but with opposite orientation. Similarly, let w) be the set 

of properly embedded surfaces 5* C Mk, such that dS — (— W-) U and the 
algebraic intersection number of 5* with a is m. Since Mk is a homology product, 
<Sm(±w) 7^ 0. Let a;(5m(±w)) be the minimal value of a;(5') for all S G iSm(±i-<-'), 
where x{S) is the norm of S. 
Claim. For positive integers p, q, 

xiSpi+io)) + xiS.i^iu)) > (p + q)xiFk). (6) 
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Proof of Claim. Suppose Si G Sp{+uj),S2 £ Sq{—ijj). Isotope 81,82 so that 
they are transverse, then perform oriented cut-and-paste to 81,82, we get a 
closed surface P C mt{Mk), with x{P) = x{8i) + x{82)- Using standard argu- 
ments in 3-dimensional topology, we can assume P has no component which is 
a sphere or torus. 

Since M is a homology product, one can glue the two boundary components 
of M together to get a manifold Z, which has the same homology as F x S*^, so 
H2iZ) = Hi{F) © H2{F). Thus if a closed surface H C Z is disjoint from one 
Fk, then H must be homologous to a multiple of F. 

P is homologous to {p + q)Fk in Z; in fact, as shown in P is the disjoint 
union of p + g surfaces Pi, ... , Pp+q, where each Pi is homologous to Fk. Since 
HF^{Z, [F],g — 1) ^ 0, P is Thurston norm minimizing in Z. So we have 
x{Pi) > x{F) = x{Fk). So if x{P) < {p + q)x{Fk), then the equality holds, and 
each Pi has x{Pi) — x{Fk). 

Next we claim that Pi has only one component. Otherwise, suppose Pi = 
Qi U Q2, then 

x{Qi),x{Q2) <x{P,)^x{Fk). 

[Qi], [Q2] are multiples of [Fk] in H2{Z). Since Fk is Thurston norm minimizing 
in Z and [Fk] is primitive, we must have [Qi] — [Q2] = Oi which is impossible. 

Since {Pi,...,F„} is a maximal collection of disjoint, nonparallel, genus 
g surfaces, each Pi is parallel to either Fk or Fk+i- Thus there exists r € 
{0,1, . . . ,p + q}, such that Pi, . . . ,Pr are parallel to Fk, Pr+i, ■ ■ ■ , Pp+q are 
parallel to Fk+i. Let Cr = Pr n 5*1. Then Cr x / is a collection of annuli 
which connect Pr to Pr+i, while Cr is homologous to to. This contradicts the 
assumption that [oj] ^ £k ■ Now the proof of the claim is finished. □ 

As shown in [9l Lemma 6.4], when m is sufficiently large, there exist con- 
nected surfaces 6*1 G Srn{+i^) and 52 G 5m (—w), such that they give taut 
decompositions of M^. By the work of Gabai [2], one can construct two taut 
smooth foliations ^{,^2 of ^k, such that Fk,Fk+i are leaves of the two foli- 
ations; one can also construct a taut smooth foliation ^ oi Z — int(Mfe) with 
compact leaves Fk,Fk+i. Let ^i = ^/ U ^ be a fohation of Z. Let i? be a 
connected surface in Z, whose intersection with Fk is u. As in [3] or [3], using 
one can prove that 

(ci(^l),[P])/(ci(^2),[i?]). 

Thus m Theorem 3.8] can be apphed to show that rank(i/F+(y, [F],g~\)) > 1, 
a contradiction. This finishes the proof of Theorem 14.51 □ 

Corollary 4.6. Suppose (Jlk,'^k) is the characteristic product pair Defi- 
nition 6] for Mk, then the map 

Hiillk) ^ Hi{Mk) 

is surjective. 
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Proof. The proof is the same as [TUJ Corollary 7] . 



□ 



Lemma 4.7. Notation is as above, then each life contains a product manifold 
Gk X /, where Gk is a once-punctured torus. 

Proof. This is an easy consequence of Corollary 14.61 In fact, let Ek = Ilk <^ 
Fk, = Fk ~ Ek, we can construct a graph F as follows. The vertices of F 
correspond to the components of Ek and E^. EkO E^ consists of simple closed 
curves. For each of such curves, we draw an edge connecting the two components 
of Ek and Ef. that are adjacent along the curve. No component of Ek n Ef. is 
a non-separating curve in Fk, otherwise there would be a closed curve c C Fk 
which intersects the component exactly once, thus [c] ^ Hi{Ilk). It then follows 
that the F contains no loop, so F is a tree. 

Consider a root of the tree, it corresponds to a component H of Ek or E'^. 
H has only one boundary component since it corresponds to a root. H is not 
a disk, so it contains a once-punctured torus Gk. Since Hi{Gk) contributes to 
Hi(Mk) nontrivially, H must be a component oi Ek. □ 



5 Proof of the main theorem 

In this section, we will use Heegaard Floer homology with twisted coefficients 
to prove Theorem ll.il 

Lemma 5.1. Suppose Z is a closed 3~manifold containing a non-separating 
two-sphere S , K <Z Z is a null-homologous knot, H is a genus g(> 0) Seifert 
surface for K. Let Zq{K) he the manifold obtained by doing 0-surgery on K, 
H be the extension of H in Zq{K). Let lu C Z — K be a closed curve such that 
io ■ S ^ 0. We then have 

HFK (Z. K,LU,[H],g;C) = HF+ {Zo{K),LO,[H],g ~ l; C). 

Proof. As in p!3l Corollary 4.5], when p is sufficiently large, we have two exact 
triangles: (we suppress [H], [H] and C in the notation) 

■■■^ HFK iZ.K.LO.a) HF_+ {Zp,Lo,[g - 1]) ^ HF_+ {Z,u) ^ ■ ■ ■ , 

>HF_+{Za,oj,[g-l]) HF_+{Zp,uj,[g-l])^HF_+{Z,uj)^-- - . 

By Lemma [2711 HF ^jZ, uj) = 0, so the maps a, a' are isomorphisms, hence our 
desired result holds. □ 

Proof of Theorem \l.l\ Notation is as in Section H) By Lemma [4771 '^^ have the 
product manifolds Gfe x / C Mk. By cut-and-reglue along i^^'s, we can get a new 
manifold Yi such that the Gk x /'s are matched together to form an essential 
submanifold G x S"^ in Yi, where G is a once-punctured torus in F. 

Since each Mk is a homology product, we can construct a new manifold Y2 
with 61(12) = 1 by cutting Yi open along F and then regluing by a homeomor- 
phism of F. 
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By Lemma HTTl 

HF+{Y^ ,[F],g-l)^ HF+ (^2 , [f^] , 5 - 1) = HF+ (Y, [F] , 5 - 1) = Z. 

Let D C G be a small disk. We remove D x from Yi, then glue in a solid 
torus V, such that the meridian of V is p x for a point p G dD. The new 
manifold is denoted by Z, and the core of y is a null-homologous knot K in Z. 
F = F — int(-D) is a Seifert surface for K. Conversely, Yi can be obtained from 
Z by 0-surgery on K. 

Z contains non-separating spheres. In fact, pick any properly embedded 
non-separating arc c C G — int(D), such that dc C dD, then d{c x S^) bounds 
two disks in V. The union of the two disks and c x S'^ is a non-separating sphere 
in Z. Suppose S is such a non-separating sphere. Let w C — F be a closed 
curve such that to ■ S 0. The curve to can also be viewed as lying in Yi and 
Y2, and oj is disjoint from F. 

Since &i(l2) — 1 and u; ■ [F] ~ 0, oj is null- homologous in Y2, so 

HF+ (Fs , [F] , 5 - 1 ; -C) = HF+ {Y2,[F], g - 1;Q) C ^ C. 
A twisted version of Lemma 14.11 then implies that 

HF+iYuto, [F],g-l;C)^C. 

By Lemma EH HFK jZ, K.m, \F].q;C) ^ HF+(Y^,u, \F],q - 1;£) = C. 
Now by Theorem 12.21 K is fibred with fibre F, hence Yi is fibred with fibre F, 
and so is Y. □ 
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